We demonstrate high accuracy calculations for the HeH + molecule using newly developed analytic formulas for two-center two-electron integrals with exponential functions. The Born-Oppenheimer potential for the ground electronic 1 Σ + state is obtained in the range of 0.1 -60 au with precision of about 10 −12 au.
I. INTRODUCTION

HeH
+ molecule is a simple two electron molecule consisting of the α particle and of the proton as nuclei. In the ground electronic 1 Σ + state, both electrons are mostly centered around α nucleus with the proton distance from α being about r = 1.46 au. The first accurate variational calculations of the Born-Oppenheimer (BO) potential of HeH + reported by Wolniewicz [1] , Kołos and Peek [2] , Kołos [3] , were shortly afterwards refined by Bishop and Cheung [4] . In these calculations authors represented the electronic wave function in terms of exponential functions times various polynomials in interparticle distances with general nonlinear parameters (Kołos-Wolniewicz functions) or with some parameters fixed (James-Coolidge functions). Accuracy achieved in calculations by Bishop and Cheung was about 4 · 10 −6 au. More accurate result ∼ 10 −8 au, at the equilibrium distance r = 1.46 au, have been obtained by Cencek et al. [5] using explicitly correlated Gaussian functions. Even if the whole BO potential is known with their accuracy (∼ 0.02 cm −1 ), it will be insufficient in comparison with the most accurate (∼ 10 −5 cm −1 ) measurements of rovibrational transition frequencies [6] . More recently Adamowicz et al. [7] [8] [9] (1) such that
for some integer Ω, and call them the explicitly correlated asymptotic (ECA) basis. In the above c {n} are linear coefficients, {n} represents a set of 5 numbers {n 1 , n 2 , n 2 , n 4 , n 5 }, P 12 is the operator which replaces r 1 with r 2 , indices (A, B) denote nuclei, and (1, 2) denote electrons. Matrix elements of the nonrelativistic Hamiltonian can be expressed in terms of integrals of the form
with nonnegative integers n i . These integrals are calculated as follows. When all n i = 0 the so called master integral, which can be derived from a general expression in Ref. [10] , is
with
where Ei is the exponential integral function. The one-dimensional integral in Eq. (4) is calculated numerically using the adapted Gaussian integration. With 120 integration points one achieves 64 significant digits for all the distances. All f -integrals with higher powers of electron distances can be obtained from recursion relations, which were derived in Ref. [10] . Since
we present, as an example, formulas at r = 1 for all integrals with i n i ≤ 2
where f = f (1, β) and F = F (β). Other f -integrals from the same shell can be obtained by using the symmetry f (n 1 , n 2 , n 3 , n 4 , n 5 ) = f (n 1 , n 4 , n 5 , n 2 , n 3 ). Integrals with higher powers n i are of analogous form, they are all linear combinations of f , F , Ei, Exp, and identity functions with coefficients being polynomials in 1/β. Using a computer symbolic program, we have generated a table of integrals with i n i ≤ 37, which corresponds to a maximum value of Ω = 16.
III. NUMERICAL RESULTS
The matrix elements of the nonrelativistic Hamiltonian between ECA functions are obtained as described by Kołos and Roothan in [12] . (Ω, Ω − 2, Ω − 4) each one with its own optimized nonlinear parameter α. Numerical calculations are performed for r ≤ 12 au using the quadruple precision, and for r > 12 au using the octuple precision arithmetics. In order to check numerics, we repeated calculations around the equilibrium distance r = 1.463 283 au by using James-Coolidge basis set, for which analytic formulas have been developed in Ref. [13] . This basis has a slower numerical convergence but is numerically more stable, so we could use even larger number N = 27 334 of basis functions. Obtained results have similar accuracy and are in perfect agreement with that obtained with ECA functions.
The most accurate variational result reported at the distance r = 1.46 au is compared in Table   I to all the previous results obtained so far in the literature. In performing extrapolation to a complete basis set (Ω → ∞), similarly to the previous H 2 case [13] , we observe the exponential e −β Ω convergence, in other words the log of differences in energies for subsequent values of Ω fits well to the linear function. This makes extrapolation to infinity quite simple. Extrapolated results for the whole BO potential curve in the range 0.1 − 60 au are presented in Table II . (2) 
IV. SUMMARY
We have demonstrated applications of analytic formulas for two-center two-electron exponential integrals in high precision calculations of Born-Oppenheimer potential for the ground elec- 
